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ALMOST EVERYWHERE SUMMABILITY ON NILMANIFOLDS!
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ANDRZEJ HULANICKI AND JOE W. JENKINS

ABSTRACT. Let G be a stratified, nilpotent Lie group and let L be a homogeneous
sublaplacian on G. Let E(A) denote the spectral resolution of L on L?(G). Given a
function K on R*, define the operator Ty on L%(G) by T, f = [ K(\) dE(}) f.
Sufficient conditions on K to imply that T is bounded on L'(G) and the maximal
operator K*@(x) = sup,~o| Tx,@(x) | (where K,(A) = K(zA)) is of weak type (1, 1)
are given. Picking a basis eg, e,,... of L%(G/T) (T being a discrete cocompact
subgroup of G) consisting of eigenfunctions of L, we obtain almost everywhere and
norm convergence of various summability methods of 2(9, ¢))e;, ¢ € LP(G/T),
l<p<oo.

Let G be a nilpotent Lie group and I a discrete, cocompact subgroup of G. There
is a unique G-invariant probability measure dx on G/T. L%(G/T) can be written as a
direct sum of irreducible (with finite multiplicities) G-invariant subspaces

(0.1) LY(G/T) =P EE}CJ

In other words, if P; denotes the orthogonal projection of L*(G/T) onto ‘JCj we have

(02) f=3pf (feLG/T))

where the series is convergent in L?>(G/T). The question of whether there are other
summability methods of (0.2) for f € L?(G/T'), or whether the series is convergent,
e.g., uniformly for functions with some degree of smoothness, has long been
considered and is the starting point of this paper. (Some facts concerning these
questions can be found in [10].) On the other hand, G/T is a compact manifold, so if
A is an elliptic selfadjoint operator on G/T, L*(G/T) has a basis of eigenfunctions
for A. If A is G-invariant, the elements of this basis can be selected from the
subspaces in (0,1). The eigenfunction expansions for such operators have been
extensively studied, and the asymptotic of the eigenvalues and various summability
methods of the eigenfunction expansions are known (cf., e.g., [14]).

In this paper we consider the homogeneous sublaplacian L (which is not elliptic)
on a stratified nilpotent Lie group G. If E(A) is the spectral resolution of L on
L?(G) and K is a function on R™, set

Tef=[TKOVAEN) [ (1€ LY(G)).
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704 ANDRZEJ HULANICKI AND J. W. JENKINS

Following the program of E. M. Stein [12], we consider conditions on K such that T}
is bounded on L!(G) and such that the maximal operator

K*o(x) = sup | Ty o(x)]
t>0

(where K,(A) = K(z))) is of weak type (1, 1). This is done by functional calculus on
related commutative Banach algebras as in [S]. This leads to the almost everywhere
convergence to f, for f € L(G), 1 < p < 0, of, e.g., the Bochner-Reisz means

(0.3) fo’*(l —A/R)VAE(N) f

for N sufficiently large. Giancarlo Mauceri [7] has studied this problem on the
Heisenberg group by different methods.

Picking a basis e, e;,... of L*(G/T) consisting of eigenfunctions of L, the
corresponding theorems give almost everywhere and norm convergence of various
summability methods of ¥ {9, e)e (¢ € L?(G/T)). Considering ¢’s in one sum-
mand of (0.1) and carrying it over to R¥, we obtain almost everywhere convergence
of Abel, Cesaro, etc. summability methods for multiple Hermite expansions. For
example, for f € L’(R), 1 <p < 0, and a > 9,

fx)= A}im 2 '_j/N)a(f’ ‘Pj)(Pj(x) (a.e)
=

where ¢, @,,... are Hermite functions. Related results can be found in [8 and 9].

We would like to express our gratitude to Jacek Cygan, Roger Howe, Horst
Leptin, Leonard Richardson, Mitchell Taibelson, and Guido Weiss for comments
and suggestions regarding this work.

1. Let G be a stratified nilpotent Lie group, i.e. if g denotes the Lie algebra of G

we have
g=@D g,
J

where g, generates g as a Lie algebra and [g,, ¢,] C g,,,. For every s >0 the
mapping X; — ijj for X; € g, defines an automorphism of g. We denote by §; the
corresponding automorphism of G, and by | -| a homogeneous gauge on G. For a
fixed compact, symmetric neighborhood U of e in G we define

7(x) = min{n|x € U"}.
One then has (cf. [3, 4, 6])

(1.1) |xy|<c(x]+]|y])
for some c and all x, y € G, and
(1.2) clx|<7(x)<a|x|+b

for some a, b, ¢ > 0 and all x € G. The function 7 is subadditive (7(xy) < 7(x) +
7(»)), and, hence, w = 1 + 7 is a submultiplicative, symmetric weight on G. The
space

L= {1 L(6) | [11()6(x) dx < o]

is clearly a Banach*-algebra (under convolution).
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For s > 0, we set B, = {x € B| | x|<s}. One has then that | B;|=s"| B, | , where
| E | denotes Haar measure of E, and r, the homogeneous dimension of G, is given
byr=2jjdi@gj. ‘

For a function f on G we write

p.f(x) = s_r/zf(ss—l/z(x))

and observe that p, is a norm preserving automorphism of the Banach*-algebra
L'(G). We also observe:

(1.3) Iff€ LY(G)and f f=1,then {p,f}, ., is an approximate identity.

Let X),...,X, be a basis for g such that X;,...,X, is a basis for g,. Consider the
operators

A=X2+---+X2, -L=X}+---+X?
(A is, of course, invariant under any orthogonal change of basis in g). Let
loll, = II(1 + A)"*oll 2.
The classical Sobolev inequality states that

Il 1o < Clidll14/2)51-

For each s, there is a o(s), depending only on g, such that

(1.4) gl < CI(I+ L) ¢l 2,
and so, there is a smallest integer S such that
(1.4) li$ll = < CI(IT+ L)l 2.

The numbers S and ¢ := o(1) will play an important role in the following considera-
tions.

The distributions ¢ — —A¢(e) and ¢ —» —Lo(e) are dissipative, and thus define,
by convolution, infinitesimal generators of unique semigroups of measures on G,
denoted {P,},~o and {p,},~0, respectively. Furthermore, P, and p, are selfadjoint,
nonnegative functions in L'(G) (cf. e.g. [5]). Since, for s > 0, p, is an automorphism
of L\(G), {p, p,};>0 is a convolution semigroup. One easily checks that its infinitesi-
mal generator is sL. Thus

(15) pspl :psl'
Let @ be the Banach*-algebra generated by { p,},~, in L'(G), i.e.
@ = span{p, |1 >0)7""x.

We write @, = @ N L. The Gelfand space @ or @, is homeomorphic to R* . Letting
f denote the Gelfand transform for fin @ or @,, one has (cf. [5])

(1.6) pN) = e
By virtue of (1.5), p, maps & into itself, and (1.5) and (1.6) together imply

(1.7) (e f)(A) = f(sA)
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for f € @. Since I: f - [ f(x) dx is a multiplicative functional on @, and I(p,f) =
I(f), (1.7) implies that I( f) = f(0). Also, if f € @ N L*(G), then

(1.8) IfN2. = c/|f(A) PAr=2/2 g).

To see this, note that by (1.5),
I p I = 172 p,ll%2

Hence,

(1.9) (P P) = I Psn ol 2= ((s +1)/2) 21l py 113
But one also has

(1.10) [ BB/ ax = [esrone=2/2 g

= (s + 1) feNrD/2 4,

which shows that
(£, 2) = ¢ [ BONAANTD/2d,

Let B denote a Banach*-algebra. For f = f* € B we let B, be the commutative
Banach*-algebra generated by f. For g € B,, we denote by SpB (g) its spectrum in
B,. A function F R - C is said to operate on f if SpB (f)CR and thereisa g € B,
such that Ff = g. The classical criterium for a functlon to operate on f € B (cf. e.g.
[2]) is as follows. For f € B set

[ee]

()= 3 i/t
If
(1.11) IIe(\/'——lnf)IIBZO(n“) (n - ),

then SpB (f) C Rand, for F € C/(R), > a + 1, with F(0) = 0, F operates on f.
Itis well known that both A and L are essentially selfadjoint operators on L*(G).
Let E(A) be the spectral resolution of L, i.e.

Lf:fo ANdE(\)f  (fe€D(L)).
Then
prf=[ eMdE(N) /.
0
Let X be a bounded function on R and set
o0
Tx¢=f0 K(\)dE(N) ¢ (¢ € LX(G)).

Then T is a bounded convolution operator, and, by (1.4"), the mapping ¢ — Tx¢(e)
is a distribution. Thus there is a distribution k such that Ty ¢ = k * ¢ for ¢ € L*(G).
If k € @ then k = K. Our first theorem gives sufficient conditions on K to imply
that k € L' N L2,
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THEOREM 1.12. For fixed | =0 we consider the condition (K-a), K € CY(R™"),
where N >r/2 + 1+ 1 and supyoo | KO + N)@MSH < 0 for j =
0,1,...,N. Then:

() ifa=0,thereis a k € @, withk = K; and

(i) if a = 4, there is a k € @ with k = K and sup, | k(x)w/(x)|< 0.

The proof of Theorem 1.12 requires the following lemmas.
LEMMA 1.13. There is an € > 0 such that fpl(x)e""|2 dx < c0.
PROOF. It is known (cf. e.g. [4]) that

fpl(x)e""‘) dx <ce”  (s>0).

The proof is completed by either “completing the square” or employing the trick
used in [13, p. 277].

LEMMA 1.14. Let R, = [ e~'p, dt. There is an a > 0 such that
(R,, es) Z/Rl(x)e”‘P‘| dx < o0.
PROOF.

(R,, e®™) 2/ e~le 1/ 2p,(8,_, px) dt dx
feid

I
= '[GLwe"+“'l/2'x' dtp(x)dx < c/Ge""P"zp,(x) dx

for o’ >2a, C = ¢(a).
LEMMA 1.15. R¥ = R, and R} € L*(G).
PROOF.

|(R$, ) |=|Rf x ¢(e) |< ClI(1 + L) (RS * ¢)ll ;2 = Cllgll 2.

LEMMA 1.16. Let f= f* € @ N L*(G) with (|f|, e*™) < oo for some a > 0. Let
a, b € R such that a < f(\) < b for all \ € R* . Let F € CM(a, b) with F(0) = 0. If
N>Il+r/2+ 1,then Fo fE€ @, and

IF o fllg, < GIFIcN, .

PROOF. Let ¢(x) = eP4"®) where B and a are such that ar(x) =| x| for x # e and
B < aa. For each positive integer n we have

IIe(\/jnf)II(_gl=/Um|e(ﬁnf) | (x)e!(x) dx
T )1 ()Pl (x)eP ().
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Since /(x) < (1 + m)' for x € U™, and since lle(y-1nf)ll;, <e'/'Ly for any
submultiplicative function ¢, we have

le(y=Tnf )llg, < (1 +m) | U™ 2lle({=Tnf )l .2 + exp(nll £ ).
where (x) = eB’(")a;’(x). Form = ([¢/B] + Dn,
lle(V=1nf )llg, < ¢'(1 + ([e/B] + 1)n) "Rl £ 2.
PROOF (THEOREM 1.12). S\lppose K satisfies (K - 0) and let

-1/8 _
F(A) = {K(}\ 1), A>0,
0, A<O0,

F(0) = 0 and F € CM(R). By Lemmas 1.14 and 1.15, R satisfies the conditions on f
in Lemma 1.16. Thus, since (RT)(A) = (1 + A)™5,

K=Fo(R})=k forsomek €@,.

If K satisfies (K- 4) and Ky(A) = (1 + A)*SK(X), then K|, satisfies (K- 0). By (i)
there is a k, € @, such that ko(A) = Ky(A). Thus, since Rf € @,, k = R xk, € @,
and kK = K. Also,

| k(x)a(x) |< [RIS(y) kol y7'%) | !(x) dy

< [RE0) kol y7x) |52l (x)

and
RIS(y)wl(y) < [RIS(x)o!(x)RE(x7'y)o!(x71y) dx
< [(R¥(x))(/(x))" dx < 1R 1o [ RIS(x)0?(x) dx < o0,

Suppose K is a function on R* satisfying (K - 0) and having K(0) = 1. We know
then that for k € @, with k=K, k, = p,k is an approximate identity as t — 0. If X
satisfies (K - 4) then, using (1.2), Theorem 1.12 gives

(1.17) |k, (x)[<ect'/2(£72+ |x|)" (0<i<1).

The following lemma is proved by a well-known technique. We include its proof here
for completeness sake.

LeEMMA 1.18. For s > 0, let B(x) = {y| |y~'x |< s}, and for ¢ € L(G), let
m*¢(x) = sup | B(x) [ [ [6(»)| .
s>0 By(x)

If
fix) =2+ 2 x )
then for some C and all ¢ € L'(G),

[foxo(x)[<em*o(x)  (0<r<1).
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PROOF. For somea, band all0 <t < 1,
fo(x) < {

at™" for | x|<1t,

bt|x|""' for|x|=1t.
Thus, recalling that B, = B(e),

If,z*¢(x)l<fly‘qf,z(y)w(y"x)ldy + élf fo(9)19(y™'x) | dy

25|y <2ke

<ac| B[ [ Jo(y™x) |+ 3 oe@ ) [ (e(y7x) | dy
t k=1

Byk,
[o¢]
<aCIB,|"fBI¢(y"x)|dy+ 2 2"‘“2bCIsz,lka lo(y7'x) | &y
i k=1 2Ky

< em*¢(x).
Since m* is of weak type (1, 1) (cf. {13, Chapter III]), we have
COROLLARY 1.19. If k € @ such that k satisfies (K - 4), then the maximal operator
k*f(x) = sup |k, * f(x)]

o<r=<l
is of weak type (1, 1).
We also have
COROLLARY 1.20. If a function K satisifes (K - 0), the operator
e}
Tof= [ K(\)dEQN) 1
is bounded on all L?, 1 < p < oo. If, further, K(0) = 1 and K satisfies (K - 4) with
l=r+1,
Lil})mTK'f(x) =f(x) (a.e,fEL?(G),1<p<m).
t—
The following results concerning classical summation methods are obtained from

Corollary 1.20. What could be called an Abel method is obtained by setting
K(A\) = e We get

COROLLARY 1.21.
Li%lfwe"’ dE(N) f(x) = f(x) (a.e.f€ L’(G),1<p < o).
-0 0o

Noticing that for N > (3r + 4) /2,

N
K(}\):{(l—)\) , 0sA<1,
0, A>1,

satisfies (K - 4), we obtain a.e. convergence of the Bochner-Riesz means, which is
COROLLARY 1.22. For N > (3r + 4)/2,
Lim fR(l ~ARMYYIE(N) f(x) = f(x) (a.e.fELP(G),1<p< o).
0

R—- o0
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Finally, suppose that ¢ € CY(R*) with ¢’(0) = 1 such that

(1.23) sup |[¢)(A)|< o0  (j=0,1,...,N).

A=0
Setting K(A) = (@(A)/A)* (a>1+ (12 + 3r)S/2) and noting that K satisfies
(K- 4), we obtain

COROLLARY 1.24.

Limfw?-%}ﬁdE(?\)f(x):f(x) (ace.fEL’ 1<p<o).
t—-0 Y9

2. Let 7 be a unitary representation of G on a Hilbert space IC. For f € L'(G) set

ma chf(x)'rr(x)adx

for each a € J(. Let JC* denote the subspace for all @ € I( such that x —» 7(x)ais a
smooth J(-valued function on G. There is a unique representation X — =, of g on
IC* such that

mya = (d/dt)m(exp tX )a,—o.

This representation extends uniquely to a representation of the universal enveloping
algebra of g.

Suppose now that « is such that 7, is a compact operator for each f € L(G). Let
Bos By, .. be an orthonormal basis for JC such that 7, 8, = a,B,, where a, € R.
Since m, is a positive operator with norm < 1, we write a,, = e~*. One then has that

ﬂp,Bn = e_t)\an = ﬁt(An)Bn’

and so, by definition of @, for all f€ &, 7B, = f(}\"),B,,. Since zero is the only
possible accumulation point of {a,}, {A,} is a discrete (perhaps unbounded)
sequence. We reorder the 8,’s according to increasing values of the A ’s. Clearly, the
A,’s are eigenvalues of ;. It follows that if f € @ such that f has compact support,
then =, is finite dimensional.

Now let I be a discrete cocompact subgroup of G. We fix a symmetric, connected,
compact fundamental domain D of G/I'. We write x = xI" and note that x — x
maps D one-to-one onto G/T. Let IC = L*(G/T). If 7 is the quasiregular representa-
tion of G on J and f € C(G), then 7, is an integral operator on J( with continuous
kernel and, hence, compact. Thus =, is compact for each f € L\(G). Also, ¥
decomposes into a direct sum of irreducible subspaces JC,. Thus, we can select a
basis e;, e,... of  with e, € 3_ij such that

me,=Le,=\e, and A <A, (j=0,1,...)
with e, being the constant one function and A, = 0. For f € @ we then have
wfej=f*ej=f(?\j)ej (j=0,1,...).
Similarly, 7, has a discrete nonnegative spectrum §, < §, < - - - with correspond-

ing eigenfunctions hg, h,.... Since = is elliptic, h; is real analytic. (Note that for 2
step nilpotent groups, A and L commute, and hence &; = e;.) By virtue of (1.4) and
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(1.4') we have

(I+L)p,9)<((I+A)g,9) <C((I+L)°9p,9),
and so

(2.1) L+N,<1+&<C(1+A)°

By a theorem of H. Weyl (cf. e.g. [14]) # {§,| §, < N} ~ CN“/?. Thus, by (2.1) we
get

C\N2< #{A |\, <N} < CGN/?.
Let k € & and set k, = p,k. Then

(2.2) e = 215(‘7‘1)(% e)e;.

But one also has

(23) m®(x) =k, xo(x) = [ k(xvy)e(y™)dy.

yer*pb

THEOREM 2.4. If K satisfies (K - 0) with | = 0, then

lim IEK(tA,)(cp,e,)e,—qo =0 (e L’(G/T),1<p<w),
- J 1
and
lim | ¥ K(A;)(@, ¢;)e, — @ =0 (¢ €C(G/T)).
=01 C(G/T)

To prove a.e. convergence of (2.2) we need the following lemmas.

LEMMA 2.5. Let Ty = {y € T'| | y|< N}. Then supy-,(# Ty)N " < co.

PrOOF. If x = yd where y €Ty, d € D, then |x|<C(|y|+|d]|)<C'N for
N=1 Thus #Ty|D|=|TyD|<|Bo.y|=(C'N)".

LEMMA 2.6. If k satisfies (K - 4) with | = r + 2, then there exist M, ¢ € R such that

(ko)< 202 3 [(272+ vy ) o(y™) [ dy
=M

forx EDand 0 <t<1.
PRrROOF. By (1.18)

-r—2
|k (xvy) [< et/2(e 2 + | xyy])”

Let v, € T such that | y|=]|y,| implies y € D - D. Then inf{| xy,y||x, y ED} =a
> 0. Thus ("2 + | xy,y )" 2= a "2 Let

inf{|xyy||y|“x,yED,|y|>|yo|} =h>0.
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Then
—r=2 —r—
S (2 |xvy)" < 2 (Gl
[Y1>1vol [Y1>1¥ol

By Lemma 2.5, there is an M such that 3 . (b |y [)""~% > a ""'. Hence, assuming
M >|y,| we have

123 (24 ) <202 3 (A2 4 |y )T
yer [yYlsM

We identify L'(G/T') with the subspace of L'(G) consisting of those functions
supported on D. Then

2.7)  kxo(x)= suwp |k xo(X)]

o<r<l

<2c Y sup /t‘/z(t'/2 + | xvy |)—'_1 lo(y~1)| dy.

lyj<M 0<:<1°D

But
L7202+ 1 )" o) 1 = [12(072 4 107 )7 o (v) | -

Hence, by Lemma 1.18,

{)'c sup f,l/Z 1/z-i-|xyy|) | (y")|dy>a}

o<r<l

<(C/a)ll@ll 1 (p)-

Thus, since the sum in (2.7) is finite, k* is of weak type (1, 1). This gives
THEOREM 2.8. If K satisfies (K- 4) with | = r + 2, then
lim T K(A,)(9, ¢)e,(x) = 9(x) (a.e. 9 € LI(G/T)).
J

As before, we get analogues of the classical summation methods of Abel, Cesaro,
and Riemann by considering specific functions K.
COROLLARY 2.9. For ¢ € L\(G/T),

lim 209, ¢))e)(x) = o(x) (ae),
and

lim Y (1——) (9, ¢;)e;(x) = o(x) (a-e-’N>3r;6

n-o gy,

If Y satisfies (1.23), and a > 1 + (14 + 3r)S /2, we have

¢()

1im2(

-0 J

) (p,e)e;(x) =o9(x) (a.e.).
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3. Let G be the (2k + 1)-dimensional Heisenberg group, i.e. G = R* X R* X R
with multiplication defined by (x,y, z)(X,y,z)=x+x,y+y,z+ 2z +x-y’).
Let X, Y, be the elements of the Lie algebra of G corresponding to the one-parame-
ter subgroups ¢ - ((1,...,2,...),0,0) and ¢ - (0,(0,...,t,...),0), respectively. Then
L=3, ij + sz. Let 7' be the Schrodinger representation of G corresponding to

the parameter A = 1, i.e.,
Moy [(W) =0 If(x +u)  (f€ L}(RY)).
Let T = {(x,y, z)| x,y € Z*, z € Z}. Then G/T is compact. The map 7: L?(R¥) -
L?(G/T) (1 <p < o), defined by
f(x,y,2) = X 2™ f(x + m),
mezZ*

extends to LP(R“) and is isometric on L*(R*) into L*(G/T). Also, 77}, f=
Txy.2)T/> Where « is the quasiregular representation of G on G/T'. One has that

For m=0,1,... let H,, be the mth Hermite function, and if m = (m,,...,m,),
Jn=0,|m|=Zm, H(x) = H,(x,) - H,(x,), then

mH,=2|m|+k)H,.

Thus, setting e, = 7H,,, if K satisfies (K - 4) with | = r + 2, we get, forp € L*(G/T),
l1<p<oeo,

(31 lim I K(2m + k))(9, en)en(x.y, 2) = @(x,¥, 2) (ae).

Putting ¢ = 7f, and noting that (7f, 7H,,) = (f, H,,), we get
S et my(x + m) = lim SK(2]m] +K)0)(f, Ha) Se?™ Hy(x + n)
m =% m n

for almost all (x,y) € [0, 1]% X [0, 1]*. Since (3.1) is also convergent in L'-norm,
multiplying by e27J'¥ and integrating with respect to y, we get, for almost all
X € [Jy, iy + 11X X Jie + 1L

709 = lim SK(Q | m| +6)0)( 1. Hy) Holx):

Putting specific functions for K, we get Abel, Cesaro and Riemann summability
theorems for the Hermite expansion. The estimates on the exponent in the Riesz
means do not seem to be the best possible and, as is known for norm convergence
(which, of course, also follows), much smaller exponents are sufficient (cf. [9]).

4. Let G be an arbitrary nilpotent simply connected Lie group and let X,..., X,
be a basis of g. For a positive-definite matrix (a,;) we write -A = Z a,, X, X;, and we
note that A is invariant under any orthogonal change of the basis X,...,X,. Let
X},...,X* be the dual basis of g* and let | § |> = 281-2, if § = 28; X*. It is clear that
the norm | - | depends only on the operator A.

According to Kirillov theory, the unitary irreducible representations 7% of G are in
a one-to-one correspondence with the coadjoint orbits Ad%S, § € g*.
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The following theorem has been proved with great help from Roger Howe.

THEOREM 4.1. For every § in g* we have
min{A: A € Sp7} = min{|£*: £ € Ad% 5).

PROOF. We proceed by induction on dimG. If G is Abelian, the theorem is trivial
(and, in fact, equality holds). By usual reductions we may assume that the center of g
is one dimensional, say RZ, and that (§, Z)+ 0. We select an element Y in the
hypercenter of g but not in the center, and we write h = {W: [W, Y] = 0}. Let X be
orthogonal to b and of length one (note that the basis X|,...,X, defines an inner
product in g). We easily check thatg = hH ® RX.

Let 8, be the restriction of § to f) which we also regard as a functional on g putting
(8,, X)=10.Let X* = § — §,. We note that

Ad%, .y 8=06,+ (1 +1(8,2Z))Xx*,
whence
Ad% 6 = AdE 6, + RX*.
Consequently,
(4.1) min{|¢|*: ¢ € Ad% 8} = min{|n|*:n € Ad%8,}.

We note that exp ) = H is a normal subgroup of G and also that every maximal
subalgebra of §) subordinate to §, is a maximal subalgebra of g subordinate to 8.
Thus #? is the induced representation of 7! of H. Since G/H = R, we let

%w%=hm~%wmﬂUW<w}

We write A = A| — X?, where -A, = 3 X;Z for an orthonormal basis X|,..., X, | of

b.
We have

min{A: A € Spd} = inf{(#lf, f): I fIl =1}
=inf{(7f £, f) + (73f, nf ) Nl =1)
>inf{(7d £, £): I/l =1},
But
(78 £, £) = [(m8 f(2), (1)) dr = [(m" 1(2), f(2)) de
> inf{(wfl'lqb,qb): tER, ¢ €H(a%), ol = 1}
= inf{A € Spm), n € Ad% S, },
where §] = Ad¥

exptX 81'
By inductive hypothesis and (4.1), we have

inf(A: A € Spn,n € Ad%6,} = min{|n[*:n € Ad%$,}
> min{| ¢£|%; ¢ € Ad% 8},

which completes the proof.
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Let
c'(G/T) = {f: (1 +48)*fe L¥(G/T)).
We again write
(42) L6/T)= @D 2%,

where for each k the quasiregular representation of G is an irreducible representation
m% onJ(,. Let P, be the projection on JC,.

The following corollary exhibits a link between smoothness of a function f in
L*(G/T) and the size of || P, f |l G,y 1n terms of the geometry of the dual of G
which appears in the decomposition (4.2).

COROLLARY 4.2. If f € C/(G/T), then
1P f Il 26 ) < Glmin{| 8] : § € Ad% 8k}]_1’
where C; is independent of k.
PROOE. If A, = min{(Af, f): f € I,, Il fII = 1}, then

/2 1/2
”A[/zf”Lz(c/r) =l Pkf||L2(G/r) = AI{ ”Pkf”Lz(G/I‘)'
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